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Abstract 

We consider the semilinear elliptic equation —Lu = f(u) in a general smooth bounded 
domain fl C R n with zero Dirichlet boundary condition, where L is a uniformly elliptic 
operator and / is a C 2 positive, nondecreasing and convex function in [0, oo) such that 
—>00 as t —> 00 . We prove that if u is a positive semistable solution then for every 
0 < ft < 1 we have 

f(u) I" e 2pS ° dt £ L\n), 

J 0 

by a constant independent of u. As we shall see, a large number of results in the litera¬ 
ture concerning a priori bounds are immediate consequences of this estimate. In partic¬ 
ular, among other results, we establish a priori L°° bound in dimensions n < 9, under 
the extra assumption that limsup^^ < g _ 2 v /j 4 — 1-318. Also, we establish a 

priori L°° bound when n < 5 under the very weak assumption that, for some e > 0, 
liminf^oo — > 0 or liminf t _ ! . 00 * fWf W > q. 

Key words: Regularity of stable solutions; Semilinear elliptic equations; Nonlinear 
eigenvalue problem. 
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1. Introduction 

This article is devoted to the study of positive semistable solutions of the following 
boundary value problem 


f Lu+ f{u) = 0 x S ft, , , 

\ u = 0 x € dfl, ^ ' ' 

where C R n (n > 2) is a smooth bounded domain, f £ C 2 and Lu := di^a^(x)uj) is 
uniformly elliptic, namely (a lJ (x)) is a symmetric nx n matrix with bounded measurable 
coefficients, i.e., a' 1 ’ = aL £ L°°( fl), for which there exist constants Co and Co such that 

cobl 2 < a ij (x)&& < C 0 |q 2 , for all £ £ R n , x £ SI. (1.2) 
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By the semistability of a solution u (see @|), we mean that the lowest Dirichlet eigenvalue 
of the linearized operator at u is nonnegative. That is, 


[ f'(u)r] 2 dx< f (x)rjir)jdx, for all rj £ (1.3) 

J Q J Q 


Replacing / with A/ (A > 0), where / satisfies the assumption 

f (s') 

/(0) >0, /' > 0 and lim -= oc 


(1.4) 


then it is well known (@J,i) that there exists a finite positive extremal parameter A* 
such that semistable solutions exist for A £ (0, A*). 

The problem of finding a priori bounds for solutions of (1.1) under the assumption (1.4) 
has been studied extensively in the literature [2-12, 15, 16] and it is shown that it depends 
strongly on the dimension n and nonlinearity /. In the case where L = A and / is convex, 
Nedev in 12] obtained the L°° bound for n = 2,3 (which also holds for general L ). When 
2 < n < 4 and L = A, the best known result was established by Cabre [2] who showed 
that the L°° bound holds for arbitrary nonlinearity / if in addition 17 is convex. Applying 
the main estimate used in the proof of the results of Q, Villegas [l5] got the same result 
replacing the condition that 17 is convex with / is convex. However, it is still an open 
problem to establish an L°° estimate in dimensions 5 < n < 9, even in the case of convex 
domains 17 and convex nonlinearities satisfying (1.4). 

By imposing extra assumptions on the nonlinearity / much more is known, see ffj. Let / 
is convex and define 


t_ := lim inf 

t—> OO 


/«/"«) 


fw - T+:= “” s " p mr 

Crandall and Rabinowitz | 7 ] proved an a priori L°° bound for semistable solutions when 
0 < r_ < t+ < 2 + r_ + ^JrZ and n < 4 + 2r_ + 4yTT. This result was improved by 
Ye and Zhou in |l6|] and Sanchon in M establishing that u £ L°° when r_ > 0 and 
n < 6 + 4 yJrZ (note that 0 < < 1 always hold by the assumptions on /). Moreover 

if 0 < r_ < t + < 1 then using an iteration argument in Q one can show that u £ L°° 
whenever n < 2+ ^-(1 + y/rZ). In [10] Sanchon proved that u £ L°° whenever r_ = r+ > 0 
and n < 9. As we have seen all the above results and others results in the literature 
considering r_ and r + assume > 0. However, recently Cabre, Sanchon and Spruck 3] 
proved interesting results without assuming r_ > 0 and any lower bound on /' nor any 
bound on f". They considered in [3] convex nonlinearities f £ C 2 satisfying (1.4) and one 
of the following conditions: 

For every e > 0 there exist T e and C e such that 

f\t) < C e /(7) 1+e 




(1.5) 


for all t > T e , 


( 1 . 6 ) 


or, 

there exist e > 0, T e and C e such that 

/'(*)< CJit) 1 -* for all t > T e . (1.7) 

They showed in Q that, under condition (1.6) u £ L°° when n < 5, and for n > 6, 
u £ W / 0 1,p (f7) for all p < In particular, if n < 9 then u £ i7g(17). 

Also, under condition (1.7) they showed that u £ L°° when n < 6+ and if n > 6 + 
then u £ Wo 1,p (f7) for all p < . In particular, if n < 10 + then u £ Hq (17). 

As a corollary they proved the following results 
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if t + < 1 and n < 2 -|- then u £ L°° 

T+ 

2 


( 1 . 8 ) 







and 


if r+ = 1 and n < 6 f/iera u £ L°°. (1.9) 

Note that in both the above results (also in the rest of this paper), u £ L p (Ll) or 
u £ W 1 ' p (Ll) mean that u is bounded in L P (Q) or W 1,p {Ll) by a constant indepen¬ 
dent of u. Also, throughout the paper C is a generic constant independent of it, which 
may take different values in different places. 


In this paper, we improve most of the above results by proving the following main re¬ 
sults using the semistability inequality (1.3) and a standard regularity result for uniformly 
elliptic equations. 

Theorem 1.1. Let f £ C 2 be convex and satisfy (1.4). Let u be a positive semistable 
solution of problem (1.1). Then for every 0 < /3 < 1 we have 

f U t / f"( ) 

H f ,p{u) := f(u) / /(i)/"(i) e 2/3/ ° V dt g L 1 (f2). (1.10) 

J o 

Theorem 1.2. Let it £ Hq(LI) be a nonegative weak solution of problem (1.1) with f 
satisfies (1.4). If there exists a positive constant C independent of u such that 


MUqn) < C and 


Uqn) < C, for some 0 < a < 


( 1 . 11 ) 


where f(u) = /(it) — /(0) and a > 1, then 

IMU~(fi) < c for n < 2a. (1.12) 

Also, if n > 2a and 0 < < a — 1 then we have 

||«||L'-(fJ) < C for all r < ^ ^ , (1.13) 

\\f(.u)\\ L r {n) < C for all r < — —(1.14) 
v ' n — 2cr 

((y — (T)Ti 

< C for all r < -. (1.15) 

w o (^) n-a-a 

In particular, if a < 2 + a then 

IM 1^(0) < c f or n < 2 + ^1 ' ( L16 ) 

Notice that, in Theorem 1.2, if a > 2 + cr then obviously we have ||ti||#i(Q) < C. 
Indeed, we then have > f{u) 2 gives ||/(w) 2 ||L 1 (n) < C (by (1.11) and the 

superlinearity of /, i.e., lim^oo = oo), and as we shall see later this immediately 
gives |M|tfi(n) < C. 

To see how the above results work and compare them with previous ones, first as an 
example take f{t) = e*. Then from the estimate (1.10) we get 

(2 + 2 P)H JtP {u) = e( 3+2 «“ - = /(u) 3+2/3 - f{u) £ L x { ft) for every 0 < /? < 1, 

that also implies /(it) 3+2 ^ £ L 3 (ft) for every 0 < /3 < 1. Now (1.12) simply gives it £ 
L°°(Ct) when n < 10. 

As an another example take f(t) = (1 + t) p , p > 1. Then (1.10) easily gives 

/(u) 3 p +2/3 V^“ g L 1 (Q) for every 0 < /? < 1. 
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Now, letting 7 := 3 — - + 2/3* 2-^-, then from the definition of / it is easy to see that 


/(“) 


< / 7 (u) £ L 1 ( Q) where a := -^- 7 . Hence from (1.12) we get u £ T°°(fi) for 


n < 2a, and since /3 < 1 is arbitrary we get 


£ L°°(f 2 ) for n < 2(1 + 


2 p 

P~ 1 


+ 2 


P~ 1 


)■ 


The above results are the same as results obtained by Crandall and Rabinuwitz [j]. 


Note that by the assumptions of Theorem 1.1, from (1.10) it is easy to see that 
Hf,p{u) > Cf(u)f'(u), that gives f(u)f(u ) £ L 1 (fl). This together with the fact that 

f'(u) > (comes from the convexity of /) give ^ 77 - £ T 1 (H). Hence, from Theorem 
1.2 with a = 2 and <t = 1 we get 

IMU~(fi) < C for n< 4 (1.17) 

and 

||it||ffi(n) < C for n < 6 . (1.18) 

The above results are the main results of G. Nedev in fl2l |. 

Now suppose that > 0. Then for r < r_ there exists T t such that f(t)f"(t) > 
r/'(t ) 2 for t > T t , that also gives yfor t > T t . Then using Holder’s 
inequality, for r > 0 sufficiently large we have 

Hf, 0 {r) > Crf(r) [ f{tf e 2/3v/7/ « w ds dt 

Jo 

> Cf(r) f f'(t) 2 f(t) 2 ^dt > Cf(r) ^ > C&2-, 

Jo r r 

where 5 := 3 + 2 fdy/r and C is a constant independent of u and depends on r and /3. Now, 
since 0 < fj < 1 and r < r_ were arbitrary then from Theorem 1.2 we get 


u £ L°°(fl) for n < 6 + 4^/rT. 


(1.19) 


In particular, if r_ 
(1.15) we get 


< y then u £ L°°(f2) when n < 9. Also, if n > 6 + 4yTr then from 

IMIw‘- r (n) < C for a11 r < (L20) 


The above results are the same as those obtained in jiol . Il6l | when L = A. 

Notice that, to get the above estimates (1.19-20) we assumed that / £ C 2 satisfies r_ 
However, when we know only / £ C 1 then we have the following alternative. 


> 0 . 


Proposition 1.1. Let f £ C 1 satisfy (1.4) and there exist sq > 0 such that f 1 s is convex 
in [sq,oo) for some 0 < <5 < 1. If u is a semistable solution of problem (1.1) then 


and 


u £ L°°(H) for n < 6 + 4 y/ 6 , 


( 1 . 21 ) 


Wo’Ho) 


< C for all r < 


2(1 + \/S)n 
n — 4 — 2\fb' 


( 1 . 22 ) 
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Note that if we assume that f £ C 2 then it is easy to see that r_ > 0 implies that for 
every 0 < e < 1, / 1-T ~ +e is convex in [s e ,oo) for some s e > 0. Hence, the above result 
gives u £ L°°(fl) for n < 6 + 4^/r_ — e, and since 0 < e < 1 is arbitrary we get u £ L°°(f2) 
for n < 6 + 4^/tZ. 


Now consider the case r + < oo (we don’t assume that r_ >0). Then the following 
corollary improves the results (1.8) and (1.9). 

Proposition 1.2. Let f £ C 2 be convex and satisfy (1.4), and u be a positive semistable 
solution of problem (1.1). The following assertions hold: 

(a) If t + =0 then u £ L°°(Ll) for every neN. 

(b) If t + < 9 _ 2 2 ^. = 1.318 and n < 10 then u £ L°°(Ll). 

(c) I/O < r + < oo and n < max{2 + -A- + -2==, 4 + ^- + -^==} then u £ L°°(fl). 

(d) If n > 4 + — ^— then 

\ / j T+ v /7=y 

Tl 

IMIw o 1,r (n) ^ c f° r aU r < o 2 4 ■ ( L23 ) 

n 6 -r+ ^ 

In particular, if t + ^ oo then u £ Hq(LI) for n < 7, and if r+ < — 9.592 then 

u £ Hq(H) for n < 10. 

Note that here we do not assume that r + < 1 as in [6]. Also part (b) improve (1.9) 
from n < 6 to n < 10 even under the weaker assumption that r+ < 9 _ 2v /j4 i instead of 
t + < 1. Indeed from part (c) we see that to get the regularity up to dimension n < 6 we 
need r + < 10 + 4\/6 ~ 19.79. Moreover, part (c) improve (1.8) even in the case r + < 1. 
Furthermore, as we have mentioned before, using previous results in the literature and an 
iteration argument in (7j one can show that if 0 < r_ < t+ < 1 then u £ L°° whenever 
n < 2 + ^-(1 + v /tT). However, we have 2 + ^-(l + v /rT) < 2 + y^ + ^)=, hence part (c) of 
Proposition 1.2 also improve this result, without having the extra condition that r_ > 0. 
Also notice that from the above proposition we infer that if r + = r_ then u £ for 

n < 9 since in this case we must have t + < 1 (as t_ < 1 always holds), hence from part 

(c) we get u £ for n < 9. 

If we know 0 < r_ < r + < oo then we get better results. 

Corollary 1.3. Let f £ C 2 be convex and satisfy (1.4), and u be a positive semistable 
solution of problem (1.1). If 0 < r_ < r + < oo, then, in addition to conclusions of 
Proposition 1.2 and estimates (1.19 — 20) we also have 

u£L°°(Ll), for n<6H-—. (1-24) 

Vt+ 

In particular, if t + < ^ then u £ L°°(ft) for n < 9. 

Notice that, the above results and those in the literature including the assumption 
r_ > 0, give the uniform L°°(SY) bound for semistable solutions at least up to dimension 
6. However, in the case when r_ = 0, we can use the following consequence of Theorems 
1.1 and 1.2 that gives the uniform L°°(f2) bound up to dimension 5 under a very weak 
condition. 


Corollary 1.4. Let f £ C 2 be convex and satisfy (1.4). Assume in addition that, for 
some 0 < 7 < 2 and e > 0 such that e — 7 > ^ we have 


lim inf 

t—t OO 


t 2 ~y {tY+y"{t) 

/'(0 1+e 

5 


> 0. 


(1.25) 









Then if u is a positive semistable solution of problem (1.1), we have ||u lli-(n) < C for 
n < 5. 

In particular, taking 7 = 0 in (1.25), we see that if for some e > ~ we have 


t 2 f(t)f"(t ) 


liminf ■ 

t->oo f (t) 1+e 


> 0 , 


then ||m||l=°(o) < C for n < 5. 


The following preposition improves the main results of [6( that were based on assump¬ 
tions (1.6) and (1.7). 

Proposition 1.3. Let f £ C 2 be convex and satisfy (1.4). Assume in addition that, for 
some 0 < 7 < oo and 0 < 5 < 7 there exist T := and C := C 7j1 5 such that 


f'(t) < Ct s f(ty for all t > T. 

Then if u is a positive semistable solution of problem (1.1), we have 


2 fli/) 2-1- / 

f\u) £ L 1+ ^(fl) and J[ ’ 1+s £ L\Tl). 


As a consequence 


,1+- 


u £ L°°(Ll) for n < max{4 + —, 2 H-—-}. 

7 7 + 0 


(1.26) 

(1.27) 

(1.28) 


In particular we have: 

(i) If 7 < 00 then u £ L°°(f2) for n < 4, and if 7 < 2 then u £ L°°(Q) for n < 5 

(ii) If n > 4 + ^ and ( n — 2)6 < 2(7 + 1) then 

(1 — —)n (1 — -)n 

u £ L p (Tl) for p < - AL — f(u) £ L p (Ll) for p < 


n- 4 — - 

7 


n — 2 — 


2 ( 1 + 5 ) 

7 


and 


1 (1 — - )n 

u £ Wq’ p (Q) /orp < 


u £ Hq(LI) for n < 


n _3— 2 + 5 ^ 
7 

67 + 2<5 + 4 


7 + 5 


/n particular if 37 + 75 <4 t/ien, u £ -Ho(fl) /or n < 9. 

Note that, taking 5 = 0 and 7 = 1 + e for some (e > 0) in (1.26), then we have a weaker 
condition than (1.6), that we need (1.6) holds only for some e £ (0,1) (not for every e > 0 
as in Q), but we get the regularity up to dimension n < 5. Also, from the last assertion 
of the above corollary we see that, if 0 < e < ^ then u £ Hq(H) for n < 9. Note that, by 
the above corollary, to get the regularity up to dimension n < 5 we need only to have, for 
some e > 0, there exists a T = T e such that 


f\t) < c{tf(t)f 


for t > T. 


Also, taking 5 = 0 and 7 = 1 — e for some (0 < e < 1) in (1.26), we have the condition 
(1.7). Then from (1.27-28) we get f'(u) £ L~^ (Ll) and 

4 _ 4e 


u £ for n < 2 + 

6 


1 — e 


= 6 


1 - e 












Moreover, u € Hq{LV) for n < 10 + 

For example take a convex nonlinearity / such that /(f) = tint for f large. It is easy 
to see that / satisfies (1.7) for every 0 < e < 1, hence from (1.28) we have u £ L°°(fi) in 
every dimension n. 


Remark 1.5. As we have mentioned before, in dimension n = 4, Cabre @] and Villegas 
0 showed the uniform L°° bound for arbitrary nonlinearity / if fl is convex, or arbitrary 
domain fl if / is convex. For the proof, they used a geometric Sobolev inequality on general 
hypersurface of R n to bound the L°°(f2) norm of every positive semistable solution u by 
the W 1,4 norm of u on the set {u < f} where f can be chosen arbitrarily. However, the 
above proposition shows that we can get the same result in dimension n = 4 and arbitrary 
smooth bounded domain H, with a more simple proof using the semistability inequality, 
under the very weak extra condition that for some 7 < 00 (arbitrarily large) we have 
limsup^^ < 00 . 

Brezis and Vazquez in [l| showed that under the extra condition that lim inf t _>oo > 
1 or equivalently 

t>T e , (1.29) 

for some e > 0, then we have u € Rg(H). In (1.10) is replaced with the following 
weaker condition that, for some e > 0 


- /(f) > et, t > T e . 


(1.30) 


In the following we give a weaker sufficient condition on / than (1.30) 

#oW 

Proposition 1.4. Let f £ C 2 be convex and satisfy (1.4). Assume in 
of the following assertions hold: 

(i) For some e > 0 there exists T = T e > 0 such that 

f '(t)f(t-j^)>et, t > T. 


(ii) For some 0 < 7 < 2 there exist C = C 7 and T = T 7 such that 


/"(f) C 
/(t) “t 2 (lnf)V 


t > T. 


to guarantee u £ 


addition that one 


(1.31) 


(1.32) 


Then if u is a positive semistable solution of problem (1.1), we have |M|#i(Q) < C in 
every dimension n > 2 . 

Notice that from the superlinearity of /, i.e., linp^oo ^p- = 00 , it is obvious (1.31) 
is weaker than (1.30). Indeed, the left hand side of (1.31) is equal to - jp(tf(t ) — /(f)) 
where h(t) := —> 00 as t —> 00 (use L’Hospital’s rule). As an example take a 

nonlinearity / such that /(f) = f(lnf) a for large f, where 0 < a < 1. Then we have 


f/'(f) - /(f) = 


at 

(lnf) 1-a ’ 


so (1.29) or (1.30) do not hold, hence we can not apply the previous results in [1, [g]. 
However, we have, for f large, f'(t) = (lnf)“ + a(lnf) a_1 , hence 


f\t)f(t-j^)^at(\nt) 4a -\ 










Thus (1.31) is satisfied if \ < a < 1, and by part (i) of the above proposition we have 
ll w lli^(n) is C for every domain 17 and dimension n. However, in this case we see that 
(1.32) is better than (1.31). Indeed, for t sufficiently large we have 

nt) 

f(t) f 2 (lnf) 1-2a ’ 

thus (1.32) is satisfied for every 0 < a < 1. Hence, by part (ii) of the above proposition we 
have |M|ffi(n) is C for every domain f l and dimension n. Note that, we applied Propo¬ 
sition 1.4 to this example only to compare our results with previous ones, while applying 
Proposition 1.3 directly gives u £ L°°{ 17), implies ||u||,H-i(n) is C in every dimension n. 
Indeed, here we have, for every 7 > 0, f'(t) < C/(i ) 7 for t large. 


2. Preliminary estimates 


The following standard regularity result is taken from | 6 | , for the proof see Theorem 3 
of 13] and Theorems 4.1 and 4.3 of 14], also see the explanation after Proposition 2.1 of 


Proposition 2.1. Let a lJ = a Jl , 1 < i,j < n be measurable functions on a bounded 
domain 17. Assume that there exist positive constants co,Co such that (1.2) holds. Let 
u £ ftp (17) be a weak solution of 

j Lu + c(x)u = g(x) x £ LI, , . 

\ u = 0 x£dn, [ ’ 


with c, g £ L p (Ll) for some p > 1. 

Then there exists a positive constant C independent of u such that the following assertions 
hold: 

(i) Ifp > f then |M|z,“(n) < C(M|li( 0) + |ff||ip(n)). 

(ii) Assume c = 0. //l<p<§ then < C |sf||LP(fi) for every 1 < r < 

Moreover, HH^i.r^ < C for every 1 < r < 

The following lemma is crucial for the proof of the main results. 

Lemma 2.1. Let f £ C 1 (not necessarily convex) satisfy (1.4) and g : [0,oo] —> [0,oo] be 
a C 1 function with g( 0) = 0 and satisfy 

H(s) := g(s) 2 f(s) - G(s)f(s) > 0, for s sufficiently large, (2.2) 


where G{s) := / Q s g'(t) 2 dt. 
have H{u) £ L 1 (l7). 

In particular if 


Then if u is a positive semistable solution of problem (1-1), we 


lim sup 

S—> OO 


G(s)f(s) 

g{s) 2 f(s) 


< 1, 


(2.3) 


then 

g 2 (u)f(u) £ L\i 7). 


(2.4) 


Proof. Let u be a positive semistable solution of (1.1). Take 77 = g(u) as a test function 
in the semistability inequality (1.3). Then we get 


a l;i g 1 (u) 2 UiUjdx — / f [u\)g(u) 2 dx > 0 . 


( 2 . 5 ) 








Now, by using the integration by part formula, we compute 


g'(u) 2 UiUjdx = I a 13 UjG(u)idx = — I di(a l 3 Uj)G(u)dx = I G(u)f(u)dx. (2.6) 


Using (2.6) in (2.5) we obtain 


H(u)dx < 0. 


(2.7) 


Now from (2.2) there is an Mo > 0 such that H(s ) > 0 for s > Mq, and hence using (2.7) 
we get 


\H(u)\dx= / \H(u)\dx+ / H(u)dx< 

J u<Mq J u>M 0 


lu<M 0 


(\H(u)\ — H(u))dx < Co|U|, 


where | II | denotes the Lebesgue measure of H and Co := sup s6 [o,M 0 ](l^(s)l - H(s)), and 
since Co is independent of u we get H(u) £ L 1 (U) that proves the first part. 

Now suppose that (2.3) holds and take <5 > 0 such that limsup^^ ^s)^f(s) < $ < 1- 
Then there exists an M\ >0 so that 

H ( s ) = (1 ~ > (1 ~ S )fi s )9(s) 2 , for s>M x . (2.8) 

From (2.8) we obtain 

0 > f H(u)dx= f H(u)dx+ f H(u)dx > Ci\Q\ + (1 — 5) f f' (u)g(u) 2 dx, 

JQ Ju<.M\ J w>Mi Ju>Mi 

where C\ := inf[ 0 ,Mi] H(s ) is independent of u. Consequently, we have 

[ f'{u)g(u) 2 dx < C := (-+ sup f(s)g(s) 2 ) |U|, 

Jn \o — i [0iMl ] / 

with C independent of u, yields g(u) 2 f(u) £ L 1 (U) that proves (2.4). □ 

The following lemma will be used for the proof of Proposition 1.1. 

Lemma 2.2. Let g : [0, oo] [0, oo] be a C 1 function with g(t) > 0 for t > 0 and there ex¬ 
ist So positive such that g 7 is convex in [so, oo) for some 7 £ (0,1]. If lim sup^^ g ( a ) 2 j/( s ) = 
0 , then 


,. G(s)/(s) 1 g'(s)f(s) 

hm sup < --Inn sup ■ 


g(s) 2 f'(s) 2-7 


9 (s)f'(s)' 


(2.9) 


Proof. Take C := j^° g'{t) 2 dt. By the assumption g 7 is convex so g'g 1 1 is an increasing 
function in [so,oo), thus for t > to we can write 

G(s)= f g'(t) 2 dt = C+ f[g\f)g^\t)] g'{t)g^(t)dt 
JO J so 

<C + g'(s)g^\s) f g\t)g^{t)dt = C + 9 ' {s) f~ l{s) [g{sf~ ? - 5 (s 0 ) 2 ^] 

J So ‘‘I 


< c + 


2-7 


g(s)gfs), 


□ 


that easily implies (2.9). 
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3. Proof of the main results 


Proof of Theorem 1.1 

Let g and H be as in Lemma 2.1. We write 

H(s) = g{s) 2 f\s) - G{s)f(s) = /(s) (g(s) 2 y^y - G(s)) := /(s)Ri(s). 

Then from the definition of -Hi(s) we have 

Hi(s) = J' H[(t)dt + Hi(0) = J° - G{t))'dt + ifi(O) 

Now take a 0 < /3 < 1 and let g(s) be a C 1 function with g(0) = 0 and for some so > 0, 
g(s ) = f(s)e^^° 'J dt for s > so■ Then from (3.1) we get 

Hi(s) = C+ (1 - /3 2 ) [ f(t)f"(t)e 2lSf ° (3.2) 


and since 




2/3 So 


~ 7W > / f"(t)dt = f(s) - /'(s 0 ) ->ooass-/oo, 

J Sq 


from (3.2) we get 

Hi{s)>c f f{t)f"{t)e 


2/3 So / 


f"(t) 

~7W 


dt 


for s sufficiently large, 


(3.3) 


where C is a positive constant depends only on / and /?. Using (3.3) and the fact that 
H(u) = f(u)H\(u) e L 1 ^) (by Lemma 2.1) we get 


f(u) ( f(t)f"(t)e 2/SI o ^W dt e L 1 ^), 


which is the desired result. 


□ 


Remark 3.1. The following simple implication will help to simplify the proof of Theorem 

1 . 2 . 

if fi € L 1 (U), and /| € L 1 (U), then (/i^)^ 1 S L 1 (U), (q > 0). (3.4) 

g i+q g 

Indeed, from the assumptions we have ff +q € L~ and ff +q € L 1+q , now the Holder 
inequality gives the implication. 

Proof of Theorem 1.2 

By the assumption we have ^ u } £ L 1 (fl) for some 0 < a < a (a > 1), hence we have 


/>) c 


dx = 


f(n) c 


dx 


Ml u -« dxiMm+ [ Ml 


■dx 


1 U<1 


i>l 


< M\n\ + W^—\\ L i {n) , where M := sup 

u a o<t<i t a 
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U> 1 



Hence, we get £ L 1 (H) or equivalently Pp- £ L a (fl). Now similar to the proof of 

Corollary 2.2 in [fj we rewrite problem (1.1) as Lu + c{x)u = —/(0) where c(x ) = p-p, 
hence Proposition 2.1, part (i), gives (1.12). 

Now assume that n > 2a > 2 and 0 < ^fr 17 < a — 1. From the fact that f(u) £ L x (fl), 
and by the elliptic regularity theory (see Proposition 2.1 (ii)) we get 

TL 

u £ L q for any q < q x := -. (3.5) 

n — 2 


From (3.5) we have ( u a ) q £ L 1 for every q < then using (1.11) and Remark 3.1 we get 

/i* ( u ) = 1+q £ L 1 ^), for any q < —, 

which implies that f(u) £ L p (fl) for every 1 < p < ^ q qi . Note that > 1 since it is 

equivalent to < a — 1. Also we have ^ qi qi < a < Again the elliptic estimates 

gives 

OtTLQi 

u £ L q for every q < q 2 := —--r---, (3.6) 

(a + qi)n — 2aqi 

and by Remark 3.1 and similar as above we get f(u) £ L p for every 1 < p < ^ q2 q ^ . Using 
a bootstrap procedure we can prove that u £ L q for every 1 < q < q m and f(u) £ L p for 
every 1 < p < ^ q q ( m = 1, 2,...,) where 


Qm • — 


QtTlQm —1 

(cr + q m -i)n - 2aq m -i' 


(3.7) 


Now it is easy to see that q m is a bounded increasing sequence with the limit given by 


[a — a)n 
9oo = ^ 

n — 2a 


(3.8) 


that proves (1.13) and (1-14). To get (1.15) it suffices to use (1.14) and Proposition 2.1, 
part (ii). □ 


Remark 3.2. In most cases, proofs of L°°(fl) a priori estimates in the literature are based 

on a uniform L 1 (H) bound for functions such as ^ u } , for some a > 1 and 0 < cr < a — 1, 
followed by an iterative argument of Nedev jljj] and standard regularity results to show 
u £ L°°({2), for n < 2a. Our proof, however, is a direct consequence of Proposition 2.1, 
with an improvement of the range 0 <er<a — 1 to 0 < < q. 


Proof of proposition 1.1 

Let g(s ) be a C 1 function with g( 0) = 0 and g(s) = f& for s > so, where /3 > 1, and G 
as in Lemma 2.1. Since g~ = /(s) 1_l5 is convex, then by using (2.9) with 7 = 4^ in 
Lennna 2.2 we have 

G(s)f(s) /3 2 

hm sup < ————. (3.9) 

t —>00 gysYffs) 213-1 + 5 

Now let /3 < 1 + VS, then we have 2 p-i+s < hence form (3.9) and Lemma 2.1 we have 

f{u) 2 Pf'{u) £ (3.10) 


From the convexity of / we have f(t) > thus from (3.10) we get 


f~20 + l 


£L\n), 
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U 


(3.11) 


















hence Theorem 1.2 gives u £ L°°(Q) for n < 2 + 4/3. Now since (3 < 1 + \f5 was arbitrary 
we get 

u £ L°°(Q) /or n < 6 + aVS, (3-12) 

that proves (1.21). Similarly, using Theorem 2.2 and (3.11) we can prove (1.22). □ 

Proof of Proposition 1.2 

Suppose that t+ < oo. Then for r > r+ there exists T t such that 

< rf'(t) 2 for t > T t , (3.13) 

that also gives for t > T t . From the convexity and super linearity of / we 

have f(t) —> oo as t —> oo, hence f* > C + -^ln/'(t) for large t. Then from 

the definition of Hfj 3 in (1.10) we see that for r > 0 sufficiently large 

r r 2,3 

> Cf(r) / (3.14) 

Jo 

Note that (3.13) is equivalent to ^ < 0 for t > T t implies that 

f(T T ) e n ^ rr , 01C , 

f(ty ~ c •“ f(r T y ’ f a > Tt ' (3 - 15) 


Using (3.15) in (3.14) we obtain, for r sufficiently large 

r r i,2/3 

HfAr) > Cf(r) / > Cf{r)f {r) 

Jo 




(3.16) 


where C is a constant depends on / and (3 but not u. Now if we use (3.15) in (3.16) and 
Theorem 1.1 we get 

that also gives 


f(u) 


i+4+ 




1+ 2 +j^ 

'll T 


G i 1 ^), 


(3.17) 


where we used the inequality /'(f) > ^- for t > 0. Also, using the later inequality in 
(3.16) and using Theorem 1.1 again, we get 


f(u) 


2 + 4 + 


1 - 1 +F 


i+i+4^ 

u T 


G i 1 ^). 


From the estimate (3.17) and Theorem 1.2 with a = <7 = 1 + ^ + -^= we get 


2 23 

M|z,~(fi) < C, for n < 2(1 H-I— y=)- 

”■ v r 


(3.18) 


(3.19) 


Now if r + = 0 then since (3.19) holds for every r > r + = 0 we get ||«||L°“(fi) < C for every 
n £ N that proves part (a). Also, if r + > 0 since 0 < (3 < 1 and r > r + are arbitrary in 
(3.19) then we get 


U°°(f2) < c, for n < 2 4-b —=). 

T + V T + 


(3.20) 
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Also, from the estimate (3.18) and Theorem 1.2 with a = cr + 1 = 2 + ^ + p= and similar 
as above we get 

O A 

(3.21) 


2 4 

M|z,°°(n) < C, /or n<4+ —+ 


T + 

Now, (3.20) and (3.21) prove part (c). To prove part (b), it suffices to note that for 
r_j_ < g _ 2 y /j 4 we have 4 + + -^= > 9 and use part (c). Also, using the estimate (3.18) 
and Theorem 2.2 we can easily prove part (d). □ 

Proof of Corollaries 1.3 and 1.4 

Suppose T— > 0 then there exist a T > 0 such that 


mnt) > —f\t ) 2 for t > t. 


(3.22) 


Now, for r > t + as in the proof of Proposition 1.2 and using (3.22), (3.14) and Holder 
inequality, for r > 0 sufficiently large we have 

f r , 2 + 2/3 (fn f'(t)dt) 2+ % f(r) 3+ ^ 

HfAr ) > Cf{r) / f\tf + ^dt > Cf(r) yJo \ J -> C J \\ 2 , . (3.23) 


i+% 

r vt 




where C is a constant depends on / and /3 but not u. Now similar to the proof of 
Proposition 1.2 and using Theorems 1.1 and 1.2 we get the desired result of Corollary 1.3. 
To prove Corollary 1.4, from (1.25) we deduce, there exist C and T > 0 such that 


> C { 1 ’ . for t > T. 

W - ^2^7/(t)7 

Hence, using (3.24) and Holder inequality, for r > 0 sufficiently large we have 


(3.24) 


HfAr) > Cf{r) f > Cf(r) f 

Jo Jo 


m 


l+e 


> C- 


f(r) 


0 p-yw - r 2 ~y(rp 

i+e ff„\2+e-'y 


f\t) 1+e dt 


> C (/o/'(W +e > c f(r) 

~ r 2 _ 7 /(r)'>' r e 


2+e—7 


G L 1 (H), thus Theorem 1.2 gives u € L°°{Cl) for n < 4 + 2(e — 7 ). Now, 


Hence, 

by the assumption that e — 7 > \ we get u € L°°(H) for n < 5. 

Proof of Proposition 1.3 

By using the assumption (1.26), for r > 0 sufficiently large we have 


□ 


HfAr) > Cf(r) / > Cf(r) 


fW 


0 t~i 
l+i 




> C f -^- f f'(t)y"(t)dt > 

7*7 Jo f 7 

that gives (using Theorem 1.2) 

®/'(n) 1+ ^ G L\A. 

U^f 

By using the inequality f{t) > for t > 0 in (3.25) we get 

^ € +(Si). 


, 1 +- 


(3.25) 


(3.26) 
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Also, from (1.26) and the superlinearity of / we get , for t large enough, f'(t) < Cf(t )' 1+S , 
that gives 


m 


t~r ti 

for t sufficiently large. Using the above inequality and (3.25) we deduce 

f'(u) 1+ ^Ts e L^fl). 


(3.27) 


Now (3.26) and (3.27) prove (1-27), and an application of Theorem 1.2 completes the 
proof. □ 

Proof of Proposition 1.4 

First notice that, from Q ( or [l( for the case L = A), to prove the conclusion of theorem 
it is sufficient to show that 

uf{u) £ L 1 ( Cl). 


From the estimate (1.12) in Theorem 1.2 we have 

h(u) := f(u) [ f{t)f"(t)dt £ L 1 ^). 
Jo 

From the convexity of / and Jensen’s inequality we have 

h(8)=f(a) f 

Jo 


(3.28) 






sf(s)- f(s) + f( 0) 

/'(«) - /'(0) 


/'(*) - /'( 0 ) Jq 

sf(s) - f(s ) 


> C/( S )/ , ( S )/(- 


/'(«) 


sf‘(s)-f(s) 


for s sufficiently large. Note that by the L’Hospital’s rule, we have lim^oo 1 yfa 
Now suppose, for some e > 0, (1.31) holds. Then from the above estimate and (3.28) we 
get uf(u) £ L 1 (fl)) that proves part (i). 

To prove part (ii), first note that from (1.32) we get, for t large enough 


f(s) 


ds > C'(lnt) 1- ^. 


By using the above inequality and (1.32) we have, for r sufficiently large 


H/Ar) > Cf(r) 


fit) 2 

t 2 (\nty 


.gCOnt ) 1 2 dt 


Now using the fact that e^ ln ^ > (In t) 7 for t large enough, the above inequality implies 


H/Ar) > Cf(r) 


> cM 

t z r z 


fitfdt. 


(3.29) 


From the superlinearity of / we have / Q r f(t) 2 dt > Cr 3 for r sufficiently large, hence from 
(3.29) we get Hf^{r) > Crf(r). Now, theorem 1.2 implies uf{u) £ L 1 { ff) that gives the 
desired result. □ 
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